ABSTRACT. The main result is that if {T(t): t > 0} is a strongly continuous semigroup of scalar type operators on a weakly complete Banach space X and if the resolutions of the identity for T(t) are uniformly bounded in norm, then the infinitesimal generator is scalar type. Moreover, there exists a countably additive spectral measure K( ■ ) such that T(t) = { exp (Kt)dK(K), for t > 0. This is a direct generalization of the well-known theorem of Sz. 1. Introduction. In this paper we study strongly continuous semigroups {71(f): t > 0} of scalar type operators on a Banach space and extend some wellknown results about semigroups of normal or selfadjoint operators on a Hilbert space. The main result (Theorem 5.3) generalizes Sz.-Nagy's theorem about semigroups of normal operator [12, Theorem 22.4.2] or [19, §XI 3]. We do not assume that the resolutions of the identity for the operators T(t) generate a bounded Boolean algebra of projections; this is obtained as a result. If one assumes this, a much simpler proof of the main theorem could be given. However, this would be quite restrictive since in general the resolutions of the identity for two commuting scalar type operators do not always generate a bounded Boolean algebra of projections, even on a reflexive space (see [16] ).
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In §6 we extend a theorem of Foias, [11] on semigroups of scalar type operators on a Hilbert space. In §7 we study the continuity of f(T(t)), as a [8, Part III] .
(1.1) Definition. If re ß(X), the numerical range V(T) of T is defined by V(T) = {x*Tx: xGX,x*eX*, llx*ll = llxll = x*(x) = 1}. This is what is called "the spatial numerical range" in [6] , and differs from, though is closely related to, the numerical range defined by Lumer [14] via semiinner-products.
(1.2) Definition. If 7 G ß(X), then T is said to be hermitian if the numerical range of T is real.
This notion was shown to coincide with the one previously introduced by Vidav in [20] , namely, that 11/ + itTW = 1 + o(0 as t -► 0, t real.
It is obvious that, on a Hilbert space, the hermitian operators are the selfadjoint operators.
A family F of bounded operators on X is said to be hermitian-equivalent if there is an equivalent renorming of X under which all the operators in F become hermitian.
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Let A be a closed subalgebra of B(X) containing the identity /. Then A is said to be a V*-algebra if every operator T S A can be written as R + if with R and / hermitian operators in A. A will be understood to be equipped with the (Vidav-)involution *:R + U -> R -U.
A theorem of Vidav [20] has been sharpened by Berkson, Glickfeld and Palmer (see [6] ) to the following form.
(1.4) Theorem. A is a V*-algebra if and only if A is a C*'-algebra under the Vidav-involution. 2 . Semigroups with scalar type generator. We prove the equivalence of the condition that the infinitesimal generator be of scalar type with the existence of a certain representation for all the operators in the semigroup as integrals with respect to one spectral measure.
(2.1) Theorem. Let {7X0} be a strongly continuous semigroup of operators on X. Then there is a countably additive spectral measure K(-) on the Borel sets of the plane with°X tdK(k), r>o, no =fe if and only if the infinitesimal generator C of {71(0} is a scalar type operator. If this is the case, K( • ) is uniquely determined as the resolution of the identity for C, and each T(t) is a scalar type operator.
Proof. The "if' part is Theorem 3.1 of [4] . To prove the converse, assume T(t) = /eXf dK(X), t>0.
Since 7(1) is a bounded operator, the exponential function must be K( • )-essentially bounded. Hence there is a real number y such that K({\: Re X > y}) = 0. Let A be defined by V(A)= \x: lim f \dK(X)x exists}, x*R(jti; Qx = f" f _ e(X-M)id(x*A:(X)x>fr, jc e X, x* 6 X*.
3. Semigroups of positive scalar type operators. A real (respectively posiri've) operator is an operator whose spectrum is real (respectively nonnegative). If all the operators in a semigroup are real operators, then they are automatically positive since a(7(20) = [o(r(0)]2 for every t > 0. We give a generalization of the Hille-Sz.-Nagy theorem. This is proved for all Banach spaces (weakly complete or not), and without any assumptions about the uniform boundedness of the resolutions of the identity for the operators in the semigroup.
(3.1) Theorem. Let {R(t)} be a strongly continuous semigroup of positive scalar type operators on X. Then the infinitesimal generator A is scalar type with spectrum contained in some interval (-°°, co0]. Moreover there is a countably additive spectral measure G( ■ ) defined on the Borel sets of the real line such that R(t) = J_m eXtdGÇK), t > 0.
G( • ) is uniquely determined as the resolution of the identity for A.
Proof. Let Et{-~) be the resolution of the identity for R(t). Let « be any positive integer, then R(l) = R(lln)"=rX>dElln(\).
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Hence E^B) = Ex ;"({X: X" G S}) for any Borel set S of the real line, therefore E1/n(ß) = E^S"), and R(l/n) = A1/n dE^X).
Let m be an arbitrary positive integer, then R(m/n) = R(Un)m = f\m'ndE1(\).
By the strong continuity of {R(t)}, we get R(t) = ftfdE^X), t > 0.
({O}) = 0, for if x G £^({0})*, then R(t)x = Af dE\(\)E\({0})x = 0 for any t > 0, and hence by the strong continuity x = 0.
Define G(5) = ¿^(exp 5) for any Borel set 5. Thus G(-) is a countably additive spectral measure since £'1({0}) = 0. Moreover R(t) = J_oo eXfdG(X), r > 0, where co0 = log max o(R(l)). The same is obviously true for t = 0. It follows from Theorem 2.1 that A is a scalar type operator, and that G(-) is uniquely determined as the resolution of the identity for A. With the same notation as in Theorem 3.1, let S G B(X), then the following conditions are equivalent.
1. 5 commutes with R(t0) for some t0>0. 2. S commutes with every R(t) for t>0.
S commutes with every projection G(ß).
Proof. It follows from the proof of Theorem 3.1 that the range of G(-) is the same as the range of Et (•). for any r0 > 0; hence (1) implies (3). Other implications are obvious. Let {R(t)} be a strongly continuous semigroup of positive scalar type operators on X. Then there is an equivalent renorming of X under which all the operators R(t), t>0, as well as all the projections in their resolutions of the identity become hermitian. If X is given as a Hilbert space, the new norm can be chosen to be a Hilbert space norm, and hence the operators R(t), t > 0, become selfadjoint. 4. Polar decomposition. In the case of a Hilbert space, a semigroup {N(t)} of normal operators can be written as the product of a semigroup of positive selfadjoint operators and a semigroup of unitary operators. We prove here an analogous result for semigroups of scalar type operators on a weakly complete space X. First we prove a lemma establishing a "polar decomposition" for a single bounded scalar type operator on a Banach space X. This decomposition was proved by Foias [11] for scalar type operators on a Hilbert space by a proof valid only in a Hilbert space. A bounded operator is said to be circled if its spectrum is included in the unit circle {X: |X| = 1}. (ii) U is a circled scalar type operator; (iii) R is a positive scalar type operator;
(iv) UE(0) = E(0)U = E(0).
The decomposition expressed by the double equality (i) is unique under (ii)', (iii), and (iv), where (ii)' is the condition that U is only circled (not assumed to be scalar type). Moreover R is uniquely determined by (i), (ii)', and (iii) only.
Proof. Let
where m(X) = X/IXI for X ¥= 0, and «(0) = 1. Properties (i)-(iv) are then easily verified.
To prove the uniqueness, let R l and U1 be a pair of operators satisfying (i), (ii)', and (iii). Since Rl and U1 commute with T, they commute with E(b) for every Borel set 5, and hence with R and U. Let A be the full commutative algebra generated by R, U, Ry and Ul and let " be the Gelfand mapping of A. Then T = RÛ = R1Ui. The spectrum of any operator in A (viewed as a member of A) is the same as its spectrum if considered as a member of B(.X), since A is a full subalgebra. Thus R and Ê x are positive-valued functions, while U and 01 take values in the unit circle. Therefore È = \f\ = R1 and hence R-Rt is quasi-nilpotent, but the commuting operators R and R x are each scalar type. It follows from the uniqueness of the canonical decomposition of spectral operators [8 where a is any complex number with \a\ = 1. Then T -RUt = Ufi, i = \,2;T = R is positive; Ul and U2 are unitary.
Note that condition (iv) is automatically satisfied when T is one-to-one, since £"({0}) = 0 in this case.
(4.3) Definition. Let T be a scalar type operator, R and U the unique operators defined in Lemma 4.1. Then R will be called the positive part of T, U the circled part of T and the decomposition T = RU will be called the polar decomposition of T.
(4.4) Theorem. Let {7(0} be a strongly continuous semigroup of scalar type operators on X having their resolutions of the identity uniformly bounded in norm, and let R(t) and U(t) be the positive part and the circled part of T(t) respectively. Then
{7(0} U {R(t)}U {U(f)} is a commutative family;
2. each of {^(0} and {U(t)} is a strongly continuous semigroup; 3. there exists a countably additive spectral measure G(-) on the Borel sets of the real line such that R(t) = fekt dG(K), t > 0.
Moreover if {T(t)} is of type oj0, then {R(t)} is of the same type co0, and G((-°°, co0]) = /.
Proof. Let Et( • ) be the resolution of the identity for 7"(0 and let ll£'i(S)ll<M for all r>0 and all Borel sets S.
First we prove that T(t) is one-to-one for every t > 0 and hence condition (iv) of Lemma 4.1 is automatically satisfied for the operators 7X0-We will prove this for 7(1), a similar proof holding for any t. If n is any integer > 1, then 7(1) = 7X1/«)" = f\ndElln(X), and hence E^S) = £,1^n({X: X" G 5}), for every Borel set S. In particular £'1(0) = £'1/n(0). If xGE^X, then 7(l/«)x = 0 for all « > 1, and hence by strong continuity x = T(0)x = 0, i.e., ^({O}) = 0.
Let Ft(-) be the resolution of the identity of R(t) and let
We begin by showing that 5(0 = 7?(0 for t rational. Note that for any positive integer n, and any i > 0, 7X«0 = (7X0)" ■ (R(t))"(U(t))n and an application of Lemma 4.1 gives R(nt) = (R(t))", U(nt) = (U(t))n. Therefore
and hence Fj(ô) = F^n{X: X" G 5}, for every Borel set 5. Therefore if S is any Borel subset of the set of nonnegative real numbers Fi¡n(o) = Fj({X: X1'" G 5}). But the same is true for the resolution of the identity of 5(1/«) and hence 5(1/«) = R(l¡n). It follows that S(m/n) = R(m/n) for any positive integers m and n. Now we prove the existence of circled operators V(t) such that 7(0 = S(t)V(t) = V(t)S(t), and that {V(t): t > 0} is a strongly continuous semigroup. The uniqueness of the polar decomposition would then imply that R(t) = 5(0,
Then X0 is dense in X since F^e^->7 strongly. Also for any t and any positive integer «, 5(0I^" is invertible, hence the range of 5(0 contains X0. Thus 5(0 is one-to-one with dense range, and thus V(t) = 7(05(0"1 exists as a linear operator defined on S(t)X, not as yet known to be bounded. We will show that V(t) extends to a bounded operator (necessarily unique), also denoted by V(t). This is trivial for t rational since then V(t)x = 7(05(0" *jc = T(t)R(t)~ lX -U(i)x, x G S(t)X.
If t is irrational, let {tn} be a sequence of rational numbers with tn -► t.
Then (5(f"))_ lx -+ (5(0)" l* for xGXQ since for x G Xk, WJTlx = JJfc X'SbW* (5(0)"^ = _Q x-W^yx. 
t)V(.t)=v(t)S(t).
{V(t)} is a semigroup, for if x G X0, t, s any positive real numbers, then
Next we prove that the V(t) are circled. This is obvious for rational r. If t is irrational, let tn be a sequence of rational numbers with r" -► t. Since the operators U(tn) are circled, and U(tn) -► V(t) strongly, it is enough to show that p(V(t)) intersects each component of the complement of the unit circle (by the argument in [4, Theorem 2.2] ). Therefore it is enough to show that 0 G p(V(t)). Let s > 0 be such that t + s is rational. Then V(t)V(s) -V(t + s) = U(t + s) is invertible and hence V(f) is invertible since V(t) and V(s) commute.
Since 7X0 = S(t)V(t), and 5(0, V(t) commute, the uniqueness of the polar decomposition shows that for all t > 0 R(t) = 5(0 -JxV^iX), U(t) = V(t).
We proved above that U(tn) -*■ V[t) strongly if {t"} is a sequence of rational numbers, tn -► r. The same proof now gives U(tn) -► U(t) strongly for any sequence {tn} with tn -► t, and hence {U(t)} is strongly continuous. The weak (and hence strong) continuity of the semigroup {R(t)} is evident.
Part (3) follows from Theorem 3.1. We have 117X011 < l*(f)l lü(0l <4Mlli?(0 II, and 11/2(011 < IIC/(0_1ll 117X0« <4MII7X011.
It follows that {R(t)} and {7X0} a10 0I" the same type co0. This ends the proof of the theorem. [19] ). We will use Berkson's result and hence state it here for convenience.
(5.1) Theorem [4] . If {U(t): -°°<t <<*>} is a strongly continuous group of circled scalar type operators on a weakly complete Banach space X such that their resolutions of the identity are uniformly bounded in norm, then the infinitesimal generator B is a scalar type operator, and U(t) = f~0OeltX dHQC), where H(-) is the resolution of the identity for -iB.
We note that the corresponding result for semigroups (rather than groups) of circled operators is a direct consequence of the above since every such semigroup {U(t): t > 0} can be extended to a strongly continuous group satisfying all the conditions above by defining U(f) = U(-t)~1 for t < 0.
The following lemma is needed for the next result.
(5.2) Lemma. Let {7(0} be a uniformly continuous semigroup of scalar type operators on X. Then the infinitesimal generator C is a scalar type operator. Let K(-) be the resolution of the identity for C and E¿-) the resolution of the identity for T(t). Then the range of K(-) is the same as the range of Et( • ) for t > 0 small enough, and hence sup {IIK(5)II: 562} = sup {\\Et(5)\\: 5 G S}, for such t, where 2 is the class of Borel sets of the complex plane.
Proof. We can take t Ç> 0) small enough so that 117(0 -/!'< 1, and hence log 7(0 = -2~= j(7 -7(0)"/« is a (bounded) operator. It is well known (see, e.g., [8, proof of VIII 1.2]) that the infinitesimal generator C is given by C=t~1 log 7X0, and hence C = ft'1 log X dEt(X). Therefore C is a scalar type operator with resolution of the identity K( • ) given by K(8) = Et{X: r' log X G 5}, 5 G 2.
Moreover, 7(0 = exp tC, and hence EJa) = K{\:etXGà}, a G S.
This proves the lemma. Next we take up the main theorem. Since G((co0, °°)) = 0, then K((u0, <*>) x R0) = 0, and hence fetK dK(X) is defined and bounded on X. But 7X0I*" = fetXdKn(k) = [/efX^(X)]|j". License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
The uniqueness of K(-) follows also from 2.1. This ends the proof of the theorem.
Remark. The problem can be easily reduced to the Hilbert space case if we assume that G( • ) and H( • ) generate a bounded Boolean algebra of projections E. This is the case if in particular we assume that the resolutions of the identity, Ef( • ), generate a bounded Boolean algebra of projections, or if X is one of the spaces Lp (1 < p < °°) since in such space any two commuting bounded Boolean algebras of projections generate a bounded Boolean algebra of projections as shown by McCarthy [17] . Let A and W be the algebras generated by E in the uniform and weak topologies respectively. X can be equivalently renormed so as to make all the operators in E hermitian as shown by Berkson [3] . We suppose such a renorming is carried out. A becomes a commutative F*-algebra, and hence W, the weak closure of A, is a commutative Remark. We cannot replace "scalar type" by "spectral" in Theorem 5.3. The following example shows that there are strongly continuous semigroups of spectral operators with resolutions of the identity uniformly bounded (or even generate a bounded Boolean algebra), but the infinitesimal generator is not spectral, even when the underlying space is a Hilbert space.
(5.5) Example. Let X = L2[0,l], and for any x GX, t > 0, let (7(0x)(s) = {*' + S)> r + s<l, t + s> 1. Therefore, the semigroup is of type -°°, and the infinitesimal generator has empty spectrum. The generator cannot be spectral since a spectral operator has nonempty spectrum (see [8, XVIII 2.1 and 2.2]). 6 . Normal operators on Banach spaces and a theorem of Foia §. In [11] , Foias, proved that any strongly continuous semigroup {7(0} of scalar type operators on a Hilbert space, having their resolutions of the identity uniformly bounded, is similar to a semigroup {N(t)} °f normal operators. We give a similar result for weakly complete Banach spaces and show that it reduces to Foias/ result in Hilbert spaces. First we define a normal operator on a Banach space.
(6.1) Definition. A bounded operator on a Banach space X is said to be normal if it is a scalar type operator with all the projections in the range of its resolution of the identity hermitian.
This definition differs from Palmer's [18] , but is equivalent to it in weakly complete spaces, and in general any operator normal in the sense of 6.1 is normal in the sense of Palmer (see [18, Theorem 5.1] ). According to his definition a bounded operator 7 is normal if and only if 7 = R + U, where R, J are hermitian, and {e,tR : -°° < t < °°} U {e'tJ: -°°<t<°°} is contained in a commutative F*-algebra.
(6.2) Theorem. Let {7(0} be a strongly continuous semigroup of scalar type operators on a weakly complete Banach space X, with their resolutions of the identity uniformly bounded in norm. Then X can be equivalently renormed so that every 7(0 becomes normal. Moreover, if X is given as a Hilbert space, the new norm can be chosen to be a Hilbert space norm.
Proof. From Theorem 5.3, we get T(t) = feXt dK(k), where K(-) isa strongly countably additive spectral measure. Therefore X can be renormed so License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use as to make K(8) hermitian for every Borel set S [3, Lemma 2.3] . If X is a Hilbert space, the new norm can be chosen to be a Hilbert space norm [15, Theorem 6] . Since the range of the resolution of the identity for 7(0, for any t > 0, is contained in the range of K( ■ ), the result follows. Proof. Let x G X, and let / be a function satisfying the condition above. The result to be proven amounts to showing that the function t -► f(T(t))x is continuous at t0. Since this is a function between metric spaces, it suffices to prove that j\T(tn))x -► fiT(t0))x whenever the sequence {tn} converges to t0.
First we prove the result for continuous functions f. By the principle of uniform boundedness, there is a K > 0 suchthat ll7(r0)ll<K, and H7(f")ll<K,
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Proof. We start by showing that A is symmetric. Let x G V(A), x* G X* with llx* II = llxll =x*(x) = L Then x*7(0x is real for every t > 0, and hence x*^4x = limf_>0(x*7(i)x -l)/r is real, i.e., A is symmetric. Since A is also closed and densely defined, it follows from [18, Lemmas 3.1, 3.2] that A is either self-conjugate or else its residual spectrum contains at least one of the nonreal half planes. But a(A) is contained in some left half plane {X: Re X < co0}, thus A is self-conjugate. It follows again from [18, Lemma 3.2] that A is maximal symmetric. This ends the proof of the theorem. If X is weakly complete, then a strongly continuous semigroup of hermitian operators consists of scalar type operators. However, no 7(0, except 7(0) = I, is spectral (see [9] ).
Remark. Unlike the Hilbert space case, there is a self-conjugate operator A on a reflexive Banach space X that generates a semigroup which does not consist entirely of hermitian operators. Indeed, if A is any bounded hermitian operator which is not scalar type on a reflexive space X (see [14] ), then A generates the semigroup {etA : t > 0}. If etA is hermitian for every t > 0, then etA is scalar type for every t > 0 by Theorem 8.4, and A is scalar type, a contradiction.
9. Semigroups of unbounded operators. In [7] Devinatz extended the Hille-Sz.-Nagy theorem to semigroups of unbounded selfadjoint operators on a Hilbert space. Here we extend this result to semigroups of unbounded scalar type operators with real spectra on a Banach space. This gives an unbounded version of Theorem 3.1.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 224 A. R. SOUROUR (9.1) Theorem. Let {T(t):t>0} be a family of scalar type operators (possibly unbounded) with spectra on the real line. Suppose {7(0} satisfies the following conditions.
(
i) T(t + s)C T(t)T(s), t,s>0;
(ii) For every x G C\t>0V(T(t)) and every x*GX*, the function t -► x*7(0x is continuous.
Then there exists a unique spectral measure E(-) on the Borel sets of [0,°°) sachthat T(t) = fXf dE(X). Moreover, C\t>oO(T(t)) is dense in X.
There is a projection P G 8^0 such that T(t)x -► Px (as t -► 0), for every x g nt>0v(T(t)).
Proof. Let E(-) be the resolution of the identity for 7(1) and F (-) be that for 7(1/2). It follows that 7(1) Ç (TQÁ))2 = £ X2dF(X).
But 7(1) is scalar type; so we must have equality. This implies that a(7(l)) is nonnegative, and a similar argument shows that a (7(0) By the Hahn-Banach theorem, 7(0x G Xn, i.e., Xn is invariant under 7(0-Moreover 7(0I^" is closed, everywhere defined, and hence is bounded by the closed graph theorem. To show that T(t)\X" = S(t)\X«" let xGX«,, hence x G Xn for some positive integer «, and let {tk} be a sequence of rational numbers with tk -► t. Therefore x*7(0x = lim x*T(tk)x fc->oo = lim x*S(tk)x = x*S(t)x, x* G X*. In what follows we extend the Godement-Naimark theorem about unitary representations of LCA (i.e., locally compact abelian) groups (see [13] ). Here we assume that the resolutions of the identity of all the operators generate a bounded Boolean algebra of projections. It is conceivable that the theorem is true under weaker assumptions, e.g., that the resolutions of the identity are only uniformly bounded (10.1) Theorem. Let G be an LCA group and s -* U(s) be a representation of G in B(X), where X is weakly complete, and each U(s) is a circled scalar type operator with resolution of the identity Es(-). Assume that the projections Es(8), for s G G, S Borel set, generate a bounded Boolean algebra of projections E 77ie« there exists a unique countably additive spectral measure F( • ) defined on the Borel sets of G, the dual group of G, such that U(s) = f (s7ï)dF(y), s G G.
Proof.
A proof could be given by modifying the proof of the GodementNaimark theorem (see [13] ), i.e., by basing the demonstration on an induced representation of the Banach algebra L1(G). Instead we shall show how the problem can be reduced to the Hilbert space case.
Let A and W be the uniformly closed and weakly closed algebras of operators generated by E respectively. Assume X is renormed (by an equivalent norm) so that all the operators in E are hermitian. Then A becomes a commutative F*-algebra, and hence, by [18, Corollary 2.9] , ill is a F*-algebra. It follows (see [5] ) that there is a ""-isomorphism 0 of W onto a von Neumann algebra of operators on a Hilbert space H, with <j> bicontinuous on bounded sets if both B(X) and 8(77) are given the strong operator topology or the weak operator topology. Therefore s -► <j>(U(s)) is a unitary representation of G, and by the Godement-Naimark theorem there is a countably additive spectral measure K( ■ ) defined on the Borel sets of G and taking values in the hermitian projections of 0(W) such that <KU(s)) = fô (T^i)dK(y), s G G.
Let F(-) = (¡>~1(K(-)), then F(-) is a countably additive spectral measure defined on the Borel sets of G since (j>~l is strongly continuous on bounded sets. Therefore U(s)= fô(s7y~)dF(y), s G G. For the next result we need the following lemma which is probably well known but no proof of which seems to exist in the literature. It is the converse of a standard result.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use definition for certain fractional powers of A which were developed independently by Yosida and others (see [21] ). These two definitions of fractional powers are equivalent.
On the other hand, there is a natural operational calculus for (not necessarily bounded) scalar type operators developed by Bade (see [8, Chapter XVIII] ). If A = /X dEÇX), then j\A) is defined by j\A) = ¡f(X) dE(X), for any Borel measurable function / It is the purpose of this section to show that the two calculi coincide for scalar type operators A whose spectrum is included in a left half plane or, equivalently, generate a strongly continuous semigroup.
First we give a very brief description of the Hille-Phillips-Balakrishnan calculus. Let {7X0} be a strongly continuous semigroup of type cj0 with infinitesimal generator A. It is desired that ft(A) should be 7(0, for /f(X) = e'\ Accordingly, if 0 is the Laplace-Stieltjes transform fi of a measure p, i.e., if <l>(X) = pÇX) = f~eXtdp(t), then <p(A) is defined by <KA) = f~T(t)dp(t). License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 7(0; A) can be shown to be well defined. (¡>(A) is, then, defined to be the smallest closed extension of 7(0; A). It follows that <p(A) is a closed operator, and is bounded if and only if 0 = p for some p G S, and if this is the case, the definition of (¡>(A) agrees with the Hille-Phillips definition. So the Balakrishnan calculus extends that of Hille-Phillips. The algebra M contains all polynomials and certain fractional powers.
If A is a scalar type operator with a(A) contained in a left half plane, and resolution of the identity E( • ), then A generates a strongly continuous semigroup {7(0}, and the Balakrishnan calculus gives a definition for 004), for 0 G M. Moreover, the Bade calculus defines 0(4) to be /0(X) dE(X).
(11.1) Theorem. Let A be a scalar type operator with o(A) contained in a left half plane {X: Re X < co0}, and resolution of the identity E(-). Then the Balakrishnan and the Bade operational calculi agree on M.
Proof. <p(A) will always denote the operator given by the Balakrishnan calculus. First we consider the case 0 = /x, with p G 5. Then x*0O4)x = ¡~x*T(t)xdp(t) " JT / ,. /Xd(x*E(X)x)dp(t), xGX, x* G X*.
•'0 •> o{A ) Fubini's theorem can be applied to interchange the order of integration since etX is integrable with respect to the measure \x*E(-)x\ x \p\. We have then /(X0) = 0 for all fG L. Let g G Ll [0, °o), and set fit) = e "°g(t), then fGL, due to the fact that e_fcJ°ll7(0ll is a bounded function of t. Therefore g\XQ -co0) = /(X0) = 0, for all gGLl [0, °o), which is impossible. Thus, for every X0 with Re X0 < co0, there is an f0 G L with /0(X0) # 0, and hence /0 never vanishes on a suitable disk S0 = {X: IX -X0| < e0}. Choose h0 G L suchthat ll«0-/0ll is small enough so that h0 never vanishes on 80 and h0 G V(C^); this is possible since 0(C0) is dense in L. If x GE(8Q)X, then x = h0(A)y, where y = /^(^(X))"1 dE(X)x, i.e., E(80)XC 0(7(0; ¿)). If 6 is any compact set, it can be covered by a finite number of disks with the property above; hence E(8)X Ç 0(7(0; A)) Ç 0(004)).
To prove that B ■ 004), let x G V(B), and put x" = E(en)x, where e" = {X: |X| < «}. Then x" G 0(7(0; .4)), x" -* x, and 0O4)x" = Bx" -> Bx. Therefore x G 0(004)) and 0O4)x = Bx, i.e., 5 C 0(^1). Hence B = 004).
This ends the proof of the theorem.
Fractional powers of an operator (-.4) such that A generates a strongly continuous uniformly bounded semigroup were defined and developed by Phillips, for X<0, a being any positive number, and the branch of za being the principal branch, i.e., Re(za)>0 for Re(z)>0. Let A be a scalar type operator with resolution of the identity E( • ), and spectrum contained in the half plane {X: Re X < 0}. Then A generates a strongly continuous uniformly bounded semigroup {7(0}, and the calculus described above gives a definition for (-A)a.
(11.2) Theorem.
With the same notation as above,
